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ABSTRACT

When sampling procedures on a random variable X are such that the
resulting sample consists of N measured observations for which Xy < X < Xg,
and no information is know for X < Xy and X > XB, the sample is said to
be doubly truncated at the known terminals X, and Xg. To calculate maxi-
mum likelihood estimates of the mean and standard deviation of a normally
distributed population from doubly truncated samples, it is necessary to
solve simultaneously a pair of rather complex nonlinear estimating equa-
tions, Since every estimate is a function of the sample values and must
be regarded as an observed value of a certain random variable, there are
no means of predicting in a given case, the true population value assumed
by the estimate. The '"goodness'" of an estimate canrnot be judged from
individual values, but only from the distribution of the values which it
will assume in the long run, i.e., from its sampling distribution.  Some
estimate of the variance of these sample estimates is needed. Values of
auxiliary functions required to obtain, from doubly truncated normal
samples, maximum likelihood estimates of parameters of the parent popula-
tion and the asymptotic (large sample) variances and covariance of these
estimates are given.
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TECHNICAL MEMORANDUM X-53221

AUXILTARY ESTIMATING FUNCTIONS FOR
DOUBLY TRUNCATED NORMAL SAMPLES

SUMMARY

Restricted samples are those selected under conditions such that
full observation is not permitted over some portion of the population
range of values., The problem of estimating population parameters from
samples obtained under such conditions is frequently encountered in
scientific investigations, with restricted samples arising quite naturally
in such fields as life testing, dosage and mortality response studies,
biological assays, industrial production of some measurable item, quality
control, and many areas of engineering. When a sample of a random
variable X results in N measured observations for which Xo < X < Xp, with
no information known about X < Xy or X > Xg, the sample is described as
being doubly truncated at the points X, and Xg. To calculate maximum
likelihood estimates for the mean and standard deviation of a normally
distributed population from doubly truncated normal samples, it is
necessary to solve simultaneously a pair of rather complex nonlinear
estimating equations. 1In 1957, Cohen [2] gave methods employing a graph
of estimation curves for reducing the computational labor required to
obtain these solutions. In this paper, a graph is given and auxiliary
functions are evaluated to further aid in obtaining solutions to the
estimating equations. The asymptotic (large sample) variances a
covariance of these estimates are also evaluated.

I, INTRODUCTION \)

Restricted samples are those selected under conditions such that
full observation is not permitted over some portion of the population
range of values, Restricted sampling was dealt with in statistics as
early as 1807 when Sir Francis Galton [4] encountered a singly truncated
sample in studying the distribution of the time taken by trotting horses
to run a measured course. Galton was only able to sample from the times
of the horses that had qualified, since the times of horses failing to
qualify were not recorded. The resulting samples were thus singly trun-
cated on the right at the known terminus of t = 150 seconds, since to
qualify it was necessary to better this time over a one-mile course.



Galton assumed his distributions to be normal and used sample modes
as estimates of the population means. He simply plotted frequency polygons
and located the required values by inspection, With modes equated to
medians he located sample quartiles and used semi-interquartile ranges
to estimate population standard deviations. '

In 1902 Kaxl Pearson [ 9] recalculated Galton's estimates using a
procedure for estimating parameters of a normal population by fitting
least-square parabolas to logarithms of the truncated sample frequencies.
Karl Pearson and Alice Lee [107T in 1908 used the method of moments [7]
to obtain estimates of the mean and standard deviation for a singly
truncated sample and gave tables to aid in the computation of these
estimates,

Further publications on this problem did not appear until 1931,
when R. A, Fisher [3] gave results obtained using the method of maximum
likelihood [7]), which he had introduced ten years earlier. Fisher con-
sidered samples of the same type as those studied by Pearson and Lee and
demonstrated that, for the singly truncated normal case, the method of
maximum likelihood gives estimates identical with those obtained by the
method of moments. He also gave asymptotic variances and covariances of
the maximum likelihood estimates.

The terms singly truncated, doubly truncated, singly censored, etc.,
used in connection with restricted sampling were not used by the early
writers but were introduced rather slowly into the literature, Stevens
[11} in 1937 was the first to consider the doubly censored sample, although
he did not.use this term. He published maximum likelihood estimating equa-
tions for normal population samples of the type which are now designated
as singly and doubly censored samples with known terminals,

Additional results on this topic have been published by numerous
authors including Hald, Birnbaum, Halperin, Gupta, Sampford, Des Raj,
Bliss, Cohen and others. 1In 1949 Cohen [1] derived formulas whereby
certain special functions required in solution of the problem as given
by Pearson and Lee and by Fisher might be readily evaluated using only
an ordinary table of areas and ordinates of the normal curve. Thus, it
became possible to obtain the desired estimates with an improvement in
accuracy whether or not the special tables required by the other two
methods were available.

To estimate population parameters from restricted samples, the
techniques most widely used are the method of moments, the method of
maximum likelihood, and order statistics. Fisher [3] observed that,
for singly truncated normal samples, the method of moments and the
method of maximum likelihood yield identical estimates for the param-
eters. Hotelling [5] demonstrated that the two methods also lead to
identical estimates in the case of truncated samples from multinormal




distributions. Subsequently, Tukey [14] proved that, if any family of
distributions admits a set of sufficient statistics [7], the family
obtained by truncation to a fixed set or by fixed selection also admits
the same set of sufficient statistics. Since the mean and variance are
sufficient statistics for a multinormal distribution, the above results
guarantee that the method of moments and the method of maximum likelihood
lead to identical estimates of these parameters from doubly truncated
normal samples. 1In this paper, the mean and standard deviation of a
normally distributed population are estimated from doubly truncated
normal samples by the method of maximum likelihood., This choice was
governed by the above properties and by the fact that the method of
order statistics seemed to offer no particular advantage. Further,

similar results have been obtained and are available to check these
results, .

Cohen [2] gave graphical aids for obtaining solutions to maximum
likelihood estimating equations for the mean and standard deviation of
doubly truncated normal samples; this writer [6] modified Cohen's results
and also gave tabular values of asymptotic (large sample) variance and
covariance factors for these estimates. The latter work is extended in
this report,

IY, MAXIMUM LIKELTHOOD ESTIMATING EQUATIONS

The probability density function of a random variable x taken
from a normally distributed population is given by

£(x) = (N2 )t exp [-(x - W3/ 20%], - =

A
e
A
8

. (1)

Let X, be a known fixed value of the random variable x and designate

X, as the left terminus or truncation point. Let x5 + w be another
known fixed value of the random variable x and designate it as the right
terminus or truncation point; w is the range of truncation. Let n be
the number of measured observations such that x5 < x < x5 + w. In popu-
lation standard units, the left and right truncation points become,
respectively,

1= (Xxg - W/o and ks = (xo +w - p)/o = &3 + w/o. (2)



Tf F(t) denotes the distribution function of &, the probability that a
selected value of the random variable ¢ has the requirements for inclu-
sion in a sample that is doubly truncated at &, and &, becomes

P(E; = & = E2) = F(E2) - F(Ey), (3)
where
gi
F(t,) = f o(t) dt, 1= 1,2
and

@(t) = &2 )7t exp (-t%/2), t=(x- /o,

the standardized normal variate. Equation (3) represents the area under
the normal curve between ordinates erected at &, and &,. The probability
density function for this case can be written as :

-1

£(x) = [0\/—2; (Fo - Fl)J exp (-(X - u)2/202}, Xo £ X £ Xo + W, (&)

L

where F; = F(&;), i = 1,2, The likelihood function for (4) is

-

n
1
P = L(Xq,%0,++0,%Xn} K,0) = [o JE;_(FQ - Fl)} exp [-3;1(xi - Ll)2/202J.
i=1

[

(5)




Taking the logarithm of (5) for ease of differentiation gives

[>=

L=1nP=const. =nlng-nln (F; - F,) - [ (xi - p)2/262J. (6)
L

1

"
—

For the likelihood function to be a maximum, it is necessary that

Taking the required first partials and equating to zero yields

n
g—i = -n(Zy - Zo)/o + y (x; - w)/ o2 = 0, (7)
i=1 '
n
oL 2/.3 -
o -n/o - n(t,2; - £2Z5)/0 + §;1(Xi - we/e® =0, (8)
i=1
where
Zi = Z(gi) = CP(éi)/(Fz - Fl)’ i= 1’2'
Let
n
k
m = 3;1 (xi - xo) /n
i=1
designate the kth sample moment about x,. From (2)

o=w/(ts - £7) and M= Xg - Ofq. (9



Equations (7) and (8) may be written as

n
;ﬂ (Xi - w/n = 0(Z, - Z,) (10)
i=1

and
n
;T (Xi = W3/ n = 0%+ E12y - £222). (11)
i=1

Expanding the left-hand side of (10) and substituting from (9) results
in

X - Xg + 0ty = 0(Z, - Zo), (12)
and consequently
(Zy - 22 - £1)/ (62 - E1) - my/w = O, (13)

which is the first estimating equation. Squaring (10) and subtracting
the result from (11) gives

2

n n
- i
j;‘(Xi - we/n - [j;](xi - H)/n] = thl +t E12) - EoZz - (21 - 22)2J- (14)
i=1

i=1 i=

[

Expansion and simplification of the left-hand side of (14) yields

n
2 -

}ﬂ x5/n - X% = 2,

-_, l

i=1




the sample variance. From (9),

o = w?/ (k2 - £1)5.

Hence, equation (14) reduces to

[T+ €127 - EoZs - (27 - 22023}/ (ks - E4)2 - s3/w? = 0, (15)

which is the second estimating'equation.
For any given sample of size n, the quantities m;/w (m; = X - xq)

and s®/w2 may be computed and the estimating equations

(Z, - 25 - gl)/(ga 'El) - ml/w =0 (16)

(1 + Elzl - 2222 - (Zy - 22)31/ (B2 - E1)2 - sF/wF =0 (17)

solved simultaneously for El and Eg. Consequently, with these values
determined, G and } follow from (9) as

[
I

=w/ (ks - E1)
} . (18)

~ Pt
W= X5 - 081

(The caret (") serves to distinguish maximum likelihood estimators or
estimates from the parameters being estimated.) Except for slight changes
in notation, equations (16) and (17) correspond to those given by Cohen [2].




ITI, SOLUTION OF THE ESTIMATING EQUATIONS

The simultaneous solution of equations (16) and (17) is often a
laborious task since they are nonlinear and neither equation can be
expressed explicitly as a function of the other. Hence, their solu-
tion may require some type of iterative procedure or Newton-Raphson
method [15]. Employing the notation

Hy(E1,82) = (21 - 25 - 61)/ (65 - E7), (19)

Ho(k1,65) = [1 4+ €127 - £225 - (21 - 22)%]/ (ks - £1)5, (20)

estimating equations (16) and (17) have the form

Fi(E1,65) = Hy(E1,85) - ky = (21)

|
o
-

|
()

Fg(él’ E,g) = HE(E:L’E,E) - k2 = 5 (22)

and, hence, represent two families of curves for various values of ki

and ks, For a given sample, k; and k, are constants. If the substitu-
tion £ = -t- and £5 = -£, is made, (18) becomes
Hi(-€2,-61) = - (21 - 25 - E2)/ (62 - E1).

Adding and subtracting &, in the numerator and making an algebraic simpli-
fication gives

Hy(-€n,-61) = 1 = [(Z21 - 25 = 1)/ (6 = £E210] =1 - Hy(E1,E2), (23)




which shows the graph of H;(£,,E5) - k = 0 to be a reflection of the
graph of H;(E.,E5) - (1 - k) = 0 about the line ¢, + £- = 0. Thus, in
plotting H,(£,,E5), one-half the points may be obtained by reflection,

Let &€, = -£5 and &5 = ~£4 in (20). Then,

Ho(-2,-81) = [1 - £xZp + £127 - (Zo - 21)%]/(~61 + £2)% = Hao(E1,£2), (24)

which shows the graph of Ho(£,,65) - k = 0 to be symmetric with respect
to the graph of Ho(-£5,-£,) - (1 - k) = 0 about the line &5 + £ = 0.
In plotting Ho(£,,65), one-half the points may be obtained by symmetry.

As an aid to solving (16) and (17), Cohen [2] graphed the families
of curves given by (21) and (22). His procedure was to compute
Hy, = (X - X0)/w and Hy = s®/w® from sample data and then read £, and B,
as coordinates of the intersection point of the two curves. These
initial estimates served as first approximations for subsequent improve-
ment by an iterative procedure. Cohen's values of H,(£1,E5) and
Ho(E,,Es) were obtained from abbreviated tables compiled by Thompson,
Friedman and Garelis [13] who tabulated their values at intervals of 0.5
for the arguments £, and £-. An extension of these tables [6] was used
to plot curves of g, = const, against the arguments H,(E1,E2) and Ho(E1,E0),
the inverse of the presentation used by Cohen [2]. An improvement in
accuracy of the initial estimates was obtained by this procedure,

In an effort to further improve the accuracy of the initial estimates
of solutions to the estimating equations, new values of H;(&,,£2) and
Ho(t,,t-) were computed and rounded to 10D for the arguments

£, = -5.0(0.1) -0.1

and

€z

£, + 0.5(0.1) -&;.

The computations were performed on an IBM 1620 computer using input

values (to 15D) of the normal curve ordinates and area [9]. Functional
values of Z,(&,,t5) and Zo(E,,Eo) were also computed and, together with
H,(t1,t5) and Ho(E,,E5) values, rounded to 10D prior to computer output

on punched cards, which were machine listed for inclusion in Table I. For
the family of curves g, = const., the tabulated values of H,(E1,E2) and
Ho(t,,E5) were plotted and appear as Figure 1, which may be used to
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obtaln initial values of the estimates £; and £,. Sample values of

H, = (X - Xo)/w and H- = s®/w® are computed and used to enter Figure 1.
oy 2

51 is read at the intersection point of these values, and §2 = -t is
read at the intersection point of H' =1 - H, and Hy. The values of

£, and % obtained in this manner are then used to solve the estimating
equations (18) or, if greater accuracy is required, they may be used as
first approximations to be improved upon by an iterative procedure.

IV, VARIANCE OF THE ESTIMATES

The asymptotic (large sample) variance-covariance matrix of the
estimates | and G obtained from (18), is found by inverting the matrix
whose elements are negatives of the expected value of the second order
partial derivatives of logarithms of the likelihood function (6), i.e.,
by inverting the information matrix

97| %L
52 Flawe

I(IJ-’ g) = s (25)

[632]50} E[%’If]

where E[ ] denotes the expected value of the quantity in brackets. Since,

Su 0 T 9 S T’

OFy % OFy £ 9

3w "o % o

Oy £,2; = 2;(Z1 - Z2) oz Eizi - 2,(E121 - £222)
B]J, - o ' 60 = - >

(i=1,2)

13



it follows from (7) and (8) that

%E% - ég [1+ £1Z; - E0Zo - (21 - Z2)7], (26)

2 -
%Eg N E% [-(1 + &2 - E222)2 + £32, - £37.] - é; (Xi - w2/,

[>=

1

=
]

(27)

n

—621" = 2 2 2 '

on 9o o2 [-(Zy - 22)(1 - £12; - E2Z2) + E7Z; - E2Z5] - = (xi - w/o.
i=1

(28)

Inspection reveals that the only expected values needed are E[(x; - )2/ o2l
in (27) and E[(x1- p)/ol in (28), since these are the only quantities which
contain the variate x. It can be shown that

E[(xi - WE/e®] =1+ &£,2, - 275
and
E[(x, - wy/el =24 - Zo.

From these results, the required negatives of the expected values of the
second order partial derivatives of the likelihood function (6) are
obtained as

°L | _ n A
‘E[éué_ = 73 P11 1
ry2L | A L
'ELSEE = é% oo R (29)

14
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where
E\pij = @ij(gl’gz), ij =1,2
and
~ N ~ \
P11 = 1 + E1Z7 = £225 - (2 - Zp)Z
P10 = (21 - 22)[1 - (B12; - B22)] + £774 - Eo25 x (30)

Boz = 2 + (12, ~ Ex20)[1 - (8,2, - Eozo)] + t3z, - €322 )

Substitution in (25) gives

n A n A
52 %11 32 P12
1(4,5) "= . (31)
n A n A
§E P12 52 P22

The asymptotic (large sample) variance-covariance matrix is found by
inverting (31). Hence,

—
slﬂ%
>
:lﬂ%
>

V({i,8) = I't({,0) = , _ (32)

5'3%
>
5'?@
>

15



with
N\
Var () ~ (6%/n) (i1
Var(3) ~ (63/n) {os r (33)
Cov ({i,3) ~ (63/n) {1z
and /
Hij = Hij(gl’éc?)’ i,j = 1,2,
where
\
ﬁll = @22/($11@22 - @ia)
~ N A2
(12 = ~§12/ (11922 - $712) ﬁ . (34)
~ _ N ~ ~ A2 ‘
oo = @11/(@11®22 - 912)
J

The coefficient of
expressed as

If in (30) the substitution £, =

that

correlation between the variance estimates may be

0(3,8) = ﬁlg/Vﬁllﬁeg . (35)
-Eg and £, = -, is made, it follows
N ’~ e ”~ \
p11(-€2,-61) = wy1(Eq,E2)
HlE('EE’"El) = -HlE(ElaE2)
o & (36)
Hoo(-E2-81) = poo(Eq,E2)
o(-E2-E1) = -0(B1,B) |

16




To simplify calculation of the asymptotic (large sample) variances
and covariance of the estimates {j and G, the auxiliary functions M (El,ﬁg)
i,j = 1,2, and p(E;,E5) were evaluated on the IBM 1620 computer and rounded
to 10D for the same arguments used to evaluate the functions of Section ITI.
Likewise, these values were machine listed from punched cards and are
included in Table TI. With the exception of one earlier but less extensive
table [6], previous tabulation of these variance factors for doubly trun-
cated normal samples has not been seen by this writer.

For any doubly truncated sample, after reading El and @2 from Fig-
ure 1, enter the approprlate columns of Table I and interpolate to obtain
the required values of b1 § (gl,gg) i,j = 1,2. The asymptotic variances
and covariance may then be approximated w1th (33), the estimate of G2,
and the sample size n. Similarly, o({i,0) may be approximated from (35).

V., EFFICIENCY OF THE ESTIMATES

The question of joint efficiency of the estimates {1 and § arises
naturally at this point. Swamy [12] demonstrates that the joint
efficiency of BAN (best asymptotically normal) estimate [7] of u and o
based on incomplete (singly or doubly truncated) samples of size n
depends on the points of truncation £, and £-, monotonically increasing
to the joint efficiency of BAN estimates of u and ¢ based on complete
samples of the same size as the distance between the points of trunca-
tion increases. Since maximum likelihood estimates are also BAN esti-
mates, it follows that the maximum likelihood estimates of | and o based
on a doubly truncated sample are jointly less efficient than those based
on the complete sample for fixed n.

The joint efficiency of the estimates {] and § based on doubly trun-
cated samples is defined as

! IDT(H’ O) I

eDT(él,Eg) = ~TE?ETE$T— s

which is the ratio of the determinantal value of the information matrix
(25) for a doubly truncated sample of size n to the determinantal value
of this matrix for a complete sample of size n. 1In terms of the L 3
notation of Section IV, efficiency may be expressed as

IM(£1,E2) |
eDT(gl’gg) - TMDT(El,Ez)T ’

(37)

17



where

n11€€1,62) pio(Eq,E2)
M(gl, EZ‘) = °
H1o(E1,€2) poo(E1,E2)

For a complete sample of size n,

1 0

M(Ep,Ep) = and  |M(&,,t5)| = 0.5.
0 0.5

Hence,

0.5 _ _ 0.5
T<€1,§2>T Liikes - His

eDT(El,Ez) = (MD (38)

and this quantity may be evaluated directly from Table T.

VI, ILLUSTRATIVE EXAMPLE

To illustrate estimation of |y and ¢ from a doubly truncated normal
sample, the methods developed here will be applied to the example given
by Cohen [2].

The entire production of a certain bushing is sorted through go,
no-go gauges, with the result that items of diameter in excess of 0.6015
inches and those less than 0.5985 inches are discarded. A random sample
of 75 bushings selected from the screened population resulted in

x = 6,0014933 x 10-1, sZ

= 3,71187 x 10-7,
X, = 5.985 x 10-1, w = 3.0 x 1073,
Thus,
Hy = (% - x)/w = 5.49777 x 1074,

==
[

=1 - H, = 4,5022 x 1071,

s@/w? = 4.1243 x 10-2,

{a o]
i8]
Il




Interpolation in Figure 1 gives
E,. = -2.525 and €s = 2.000

as estimates of &, and &5. Substituting in (18) yields

G =w/(Es - £5) = 0.0030/4.525 = 6.62983 x 10-%
i=x - GE, = 0.5985 - (6.62983 x 10™%)(-2.525) = 6.0017403 x 10~2,

From Table I, variance and covariance factors and the correlation between
the estimates are interpolated as

n11(81,82) = 1.21710,  p15(Eq,En) = 0.17458,

HZE(El,Ez) = 0.93069, . o(§i,3) = 0.16411,

From (38), the joint efficiency of the estimates [} and § is

eDT(-2.525,2.000) = 0.5/1,10226 = 0,4536,

With G2 = 4,39546 x 10~7 and y = 75, the variances and covariance of
the estimates {] and G are approximated by (33) as

V() ~ 7.13295 x 1079,  V(8) ~ 5.45441 x 1079,
Cov ({i,8) ~ 1.02315 x 107°,
Standard errors of the estimates follow as
o) =V ~ 8.44568 x 1075,

o(8) =~NV(3) ~ 7.38540 x 10>,

19



VII. CONCLUSIONS

The auxiliary estimating functions given in equations (19) and (20)
considerably reduce the computational effort required to estimate the
parameters p and ¢ of a normal population from doubly truncated samples.
Figure 1 and Table I should prove adequate for obtaining these maximum
likelihood estimates in most practical situations, Reliability of these
estimates can be obtained from equation (33) and the auxiliary estimating
functions (34) and (35), also tabulated in Table I. The joint efficiency
of {i and G follows from (38).

To evaluate the auxiliary functions (19), (20), (34) and (35) only
areas and ordinates of the normal curve are required. Such tables [8]
are readily available; however, if computer subroutines are available
to calculate the normal areas and ordinates, evaluation of the auxiliary
functions could be reduced to simply specifying values of the function
arguments £, and £, as input to a computer program, Thus, the effort
required to obtain the parameter estimates would be further reduced and,
through iteration, the accuracy of the estimates could be specified for
any given situation,

20
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TABLE T. ESTIMATING FUNCTIONS FOR DOUBLY TRUNCATED NORMAL SAMPLES (Continued)
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